Abstract-Lens-based massive multiple-input multiple-output (MIMO) systems have considerable potential to reduce signal processing cost at millimeter-wave frequencies. As a result, they are able to lower the effective channel dimension via beam selection, realized with a network of radio-frequency (RF) switches. However, lens arrays suffer from the inherent quantization of the beamspace, as well as errors due to imperfections in the lens construction itself. Unlike prior works, we model the above effects in the context of a Rotman lens-enabled massive MIMO system. Assuming line-of-sight propagation, we derive analytical approximations of the expected (average) signal-to-interferenceplus-noise-ratio (SINR) of a terminal and ergodic sum spectral efficiency of the system. Our analysis caters for spillover losses in the Rotman lens and imperfections in the RF switching matrix, caused by impedance mismatches, as well as poor port isolation. The presented numerical results show large degradation in the expected SINR and ergodic spectral efficiency when considering the above imperfections, yielding more accurate performance assessment of lens-based massive MIMO systems.
I. INTRODUCTION
It is now clear that millimeter-wave (mmWave) frequencies will play a significant role in future mobile broadband access [1] . However, operation at such high frequencies has led to new challenges which must be overcome before their largescale deployment. Relative to centimeter-wave frequencies, propagation at mmWave is different due to the high path loss and inefficiency of diffraction. The dominant mmWave propagation mechanisms are unobstructed line-of-sight (LOS) and specular reflections, causing the channel to be sparse and directional [2] . Hence, to effectively transmit a signal over moderate distances, mmWave systems need large array gains, requiring the use of massive arrays at the base station (BS). Nevertheless, if contemporary multiuser multiple-input multiple-output (MIMO) techniques are employed with such large arrays, the corresponding signal processing (SP) cost and hardware complexity increases exponentially, since each element requires a dedicated radio-frequency (RF) chain.
Extensive research efforts have been made to reduce the SP complexity with techniques such as hybrid (RF-baseband) processing (see e.g., [3] [4] [5] ). Advanced antenna arrays containing RF lenses have also been studied to complement hybrid SP [2, [6] [7] [8] [9] . Fundamentally, RF lenses are phase shifting devices, which convert a divergent waveform from a point source to a plane wave. Moreover, RF lenses enhance the directive gain of the array, providing direction-specific spatial focusing of electromagnetic radiation. This is of particular importance in sparse mmWave channels, as the effective signal dimension can be reduced in the RF domain via a bank of RF switches which perform beam selection. A common topology in the literature is referred to as the Rotman lens, which utilizes a uniform linear array (ULA) for signal transmission/reception [7, 9] . In this light, discrete lens arrays were considered for massive MIMO systems in [2] . The literature also reports the use of flat RF lenses, where unlike the Rotman structure, the antenna elements are non-uniformly spaced on the focal arc of the lens (see, e.g., [8] and references therein).
Having said this, almost all of the above work assumes that the lens is a perfect reciprocal device. This is highly unlikely due to the inherent nonlinearities that are inevitable from the lens construction. Such nonlinearities often lead to aberration in the spatial focusing of signals, causing spillover lossesas RF power desired for a particular beam port also leaks into neighboring beam ports. Furthermore, the above studies also assume that both the RF and baseband SP functionalities are ideal. To this end, perfect RF switching is routinely assumed irrespective of the size of the switch matrix. In reality, this is also not the case, since the standard diode/transistordriven single-pole multiple-throw switches do not have perfect absorption and isolation characteristics. As a result, they are prone to impedance mismatches, and poor port-toport isolation, causing return loss of RF power to multiple beam ports with high voltage standing wave ratios. This is typically observed in moderately large RF switches operating at mmWave frequencies [10] . To the best of our knowledge, the aggregate impact of the above imperfections on multiuser massive MIMO performance is missing from the literature. In this paper, we close this gap by mathematically modeling the aforementioned impairments and analyzing the system performance in the context of a Rotman lens. Assuming LOS propagation and uplink maximum-ratio combining (MRC), we develop tight analytical approximations of the expected (average) signal-to-interference-plus-noise-ratio (SINR) of a given terminal, and ergodic sum spectral efficiency of the system. Analyses of such type are extremely challenging due to the joint operation of RF and baseband SP. The developed expressions are general and remain accurate across a wide range of transmit and receive dimensions, as well as operating signal-to-noise-ratios (SNRs). Our numerical results show that the expected SINR and ergodic sum spectral efficiency decrease significantly when we consider the aggregate impact of a non-ideal lens with imperfect RF switching, yielding more accurate performance assessment of lens-based architectures.
Notation. 
A. Perfect Rotman Lens and RF Switching
The Rotman array decouples the multiplexed streams with RF and baseband SP. Specifically, the elements form fixed analog beam directions, 1 , 2 , . . . , . The terminals are then selected to occupy separate subports via the switching network. To begin with, we assume that both the lens and the RF switch matrix have ideal characteristics. The dimension-reduced signal after beam selection is downconverted via RF transceivers and digitized before MRC. The × 1 received signal after beam selection is given by
where
Moreover, the × 1 LOS vector from terminal ℓ to the BS is given by
In (2), ℓ = − ℓ denotes the link gain composed of distancedependent path loss at distance ℓ from the BS array to terminal ℓ with attenuation exponent . The complex array steering vector for a DOA ℓ , from terminal ℓ is given by
The constant 0 = 2 / denotes the wavenumber with wavelength at the operational carrier frequency, c , while Δ denotes the inter-element spacing between two adjacent elements in the ULA. Furthermore, 
Note that each vector in (4) follows the same structure as (3) . A subset of directions, 1 , 2 , . . . , (corresponding to terminals), are then selected via an × RF switching network, S RF . With perfect switching, S RF is a binary matrix and each row of it contains only one non-zero entry corresponding to the selected beam index. The ×1 vector of additive Gaussian noise is denoted by n, where each entry of n ∼ (0, 1).
B. Imperfect Rotman Lens and RF Switching
To facilitate the later analysis, we relabel the selected beam directions such that S RF contains an × identity matrix, concatenated with an × ( − ) matrix of zeros. We also assume that F RF is ordered by the selected beams. 
where , ∼ (0, 2 ), where controls the level of spillover loss. For ease of notation,ã is the shorthand forã ( ). 
where˜, ∼ (0, 1). Assuming ≪ , for small values of , this simple model yields of g ℓ asg ℓ , ∀ℓ = 1, 2, . . . , .
C. MRC SINR and Ergodic Sum Spectral Efficiency
From (1), with MRC at the BS and noise variance of 2 , the SINR of terminal ℓ with an imperfect lens and RF switching matrix is given by
For a given instance ofg ℓ andg , SINR ℓ can be translated into an instantaneous spectral efficiency (in bit/sec/Hz) for terminal ℓ via R ℓ = log 2 (1 + SINR ℓ ). This can be used to compute the ergodic sum spectral efficiency of the system via
III. EXPECTED SINR AND ERGODIC SUM SPECTRAL EFFICIENCY APPROXIMATIONS Remark 3. Before presenting the main analytical contributions of the paper, we list some preliminary mathematical results that are referred to throughout the section. Using the classical properties of zero-mean complex Gaussian random variables:
• We first note that [Ξ] = 0.
• The correlation matrix of Ξ, is obtained as
• For any Hermitian matrix Π,
• From the previous result, we note that
• For a given instance of h ℓ , h ℓ h ℓ = ℓ . Now, from (8), the expected SINR for terminal ℓ can be obtained by computing [SINR ℓ ]. As the exact evaluation of [SINR ℓ ] is extremely challenging, we employ the common first-order Laplace approximation, which yields [11] 
Taking the expectation over the errors in the switching matrix, the numerator of (13) can be written as
where the constants
The matrix Δ 1 is defined by Δ 1 = S RFFRF . Since the expectations in 1 and 2 are over the imperfections in the RF switching matrix, Δ 1 now only relies on the imperfect Rotman matrix,F RF . We note that (14) only requires expansion of |g ℓg ℓ | 2 , followed by application of the preliminary results and algebraic simplifications. The same method also allows us to write the expected noise power as
and the expected interference power as
More specifically, the constants
and In particular,
where (⋅) is the order operator, 1 , . . . , are the central angles of the bins, and 1 is a random angle in bin 1.
Note that (26) follows by symmetry arguments as the terminal DOAs are [0, 2 ]. The expectations in (26) can be computed by application of the following mathematical result. Letting
, one can write
, the expectation in (27) can be written as [
where the integral can be efficiently evaluated using known results on incomplete Bessel functions or via simple closedform approximations not shown here for reasons of space.
For ease of notation, we denote the above integral as ( , , 0 ( − ) Δ), which allows us to write (27) as
The result in (29) is now extended, since it is required for the evaluation of other terms. We denote
and [ , ] is the angular range of the -th bin. This allows us to state
For reasons of space, in what follows, we quote the remaining results for 2 , 4 , and 5 . Starting with 2 , we have
whereˆ, is defined in (33) on top of the following page. Similarly, 4 is expressed as in (34) on top of the following page, where ℜ {⋅} denotes the real component of a complex number. Finally, we can write 5 as
where˜, , is as defined in (36) 
The tightness of (37) against its simulated counterpart is also numerically evaluated in the subsequent section. IV. NUMERICAL RESULTS We assume that the carrier frequency = 28 GHz and a coverage radius c = 70 m with LOS attenuation exponent = 2. Each terminal is assumed to operate with the same uplink transmit power, while the noise power at the BS array, 2 = 1. This implies that t is the average operating SNR. We note that ℓ ∼ [0, 2 ], ∀ℓ = 1, 2, . . . , and terminals fall into distinct bins. The inter-element spacing at the ULA interfacing the Rotman lens is Δ = 0.5 , while ℓ = (ℓ − 1) 2 / , ∀ℓ = 1, 2, . . . , . Each of the following results are generated with 10 4 Monte-Carlo simulation realizations. Figure 1 demonstrates the ergodic sum spectral efficiency of the system as a function of the average operating SNR with = 64 and = 8. Performance with an ideal lens and perfect RF switching is considered for comparison purposes as a useful upper limit. One can observe four trends from the figure: Firstly, imperfections in the RF switching matrix cause a more profound impact on the spectral efficiency relative to the case when perfect RF switching is assumed with imperfections in the Rotman lens (comparing the dashed line with the dotted one). While the spillover loss in the lens reduces the desired signal power as the lens is unable to focus the energy from a specific DOA to a specific beam port, it simultaneously helps in reducing the interference power, since the spreading of RF energy decorrelates the interference from multiple closely spaced directions. Secondly, the aggregate impact of both the imperfections leads to a significant loss of spectral efficiency at moderate and high t values. Thirdly, increasing the error variances of both imperfections by a small amount leads to a considerable degradation in the spectral efficiency particularly at high t values (comparing the dashed-dotted line with the last solid black line). This
(33) demonstrates the sensitivity of the lens-based solutions to hardware impairments. Finally, the derived approximations are seen to closely predict the simulated responses for all considered cases. Overall, this result more accurately predicts the system performance with the considered imperfections, relative to the case when perfect system operation is assumed (routine assumption in the literature). To further demonstrate the accuracy of the derived approximations, Fig. 2 depicts the expected SINR as a function of increasing number of terminals with t = 0 dB. Imperfections in both the lens and switching matrix are assumed with E = 0.1, = 6 ∘ and = 0.06. One can observe that for a given , the expected SINR decreases exponentially with increasing number of terminals. This is due to the higher probability of two terminals having a closely spaced DOA, leading to higher interference levels. One can notice that doubling the number of BS antennas yields an approximate 3 dB increase in the expected SINR for any considered number of user terminals. V. CONCLUSIONS Unlike previous studies, this paper models and analyzes the aggregate impact of imperfections in the Rotman lens (spillover losses) as well as the RF switching matrix (impedance mismatches and poor port isolation) in the context of a massive MIMO system. Assuming LOS propagation, tight analytical approximations of the expected SINR and ergodic sum spectral efficiency were derived with uplink MRC. Our results demonstrate significant degradation in expected SINR and spectral efficiency with the abovementioned imperfections, and provide a cautionary tale into performance sensitivity of lens-based architectures with these physical impairments.
